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CM FIELDS OF DIHEDRAL TYPE AND THE COLMEZ CONJECTURE
TONGHAI YANG AND HONGBO YIN
Abstract. In this paper, we consider some CM fields which we call of dihedral type
and compute the Artin L-functions associated to all CM types of these CM fields. As
a consequence of this calculation, we see that the Colmez conjecture in this case is very
closely related to understanding the log derivatives of certain Hecke characters of real
quadratic fields. Recall that the ‘abelian case’ of the Colmez conjecture, proved by Colmez
himself, amounts to understanding the log derivatives of Hecke characters of Q (cyclotomic
characters). In this paper, we also prove that the Colmez conjecture holds for ‘unitary
CM types of signature (n − 1, 1)’ and holds on average for ‘unitary CM types of a fixed
CM number field of signature (n− r, r)’.
1. Introduction
In his influential work in 1993 [Col93], Colmez discovered a conjectural deep and precise
relation between the geometry (Faltings height) and analysis (log derivatives of L-functions)
of CM types, which is a vast generalization of the well-known Chowla-Selberg formula
and Kronecker limit formula. The average version was recently used by Tsimerman to
prove the Andre-Oort conjecture [Tsi]. The average Colmez conjecture was then proved
independently by Yuan-Zhang [YZ] and Andreatta, Goren, Howard, and Madapusi Pera
[AGHMP]. In addition to the average case, known cases include the abelian case ([Col93],
[Obu13]), the quartic case ([Yan10a], [Yan13]), and the unitary case of signature (n, 1)
([BHK+]). In all known cases, the analytic side is known and involves simple L-functions
in a simple way. In general, the analytic side is quite mysterious and is very hard to
understand. In this paper, we focus on a non-trivial special case and completely unfold
the analytic side. It sheds some light on what kind of L-functions are involved. Now let’s
describe the main results in a little more detail and set up some basic notation. More
notation and an introduction to the Colmez conjecture will be given in Section 2.
Let F be a totally real number field of degree n, k be an imaginary quadratic field
(viewed as a subfield of C), and E = Fk. Let {τi}i∈Z/n be the embeddings of F into C. For
each subset S ⊂ Z/n of order 0 ≤ r ≤ n, there is a unique CM type ΦS = {σi : i ∈ Z/n}
of E such that σi|F = τi and σi|k is the identity embedding if and only if i /∈ S. We will
say ΦS is of signature (n− r, r). In this paper, we will prove the following theorem.
Theorem 1.1. (1) When |S| = 0, 1, n − 1 or n, the Colmez conjecture (2.5) holds for
ΦS.
(2) For any 2 ≤ r ≤ n − 2, the Colmez conjecture (2.5) holds for the average of all
CM types of E of signature (n− r, r).
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As a corollary, we show in Corollary 5.3 that if the Galois closure F c of F has the
symmetric group Sn or alternating group An as its Galois group over Q, then the Colmez
conjecture (2.5) holds for E, i.e., for every CM type of E. We mention that Barquero-
Sanchez and Masri [BSM] have proved a very nice density theorem for CM number fields
satisfying the Colmez conjecture using the average Colmez conjecture and analytic tools.
For the rest of this introduction, let F c be the Galois closure of F and assume that
Gal(F c/Q) = D2n is a dihedral group. The main purpose of this paper is to compute the
class function A0S = A
0
ΦS
for every CM type ΦS of E and relate it to characters, and then
compute the associated log derivative Z(s, A0S) in terms of known Hecke class characters.
Both A0S and Z(s, A
0
S) are essential in the Colmez conjecture and will be defined in Section
2. The main results are Theorems 4.3 and 4.6. As a consequence, we will prove in Section
5 the following theorem.
Theorem 1.2. Assume that Gal(F c/Q) ∼= D2n = 〈σ, τ : σn = τ 2 = 1, στ = τσ−1〉 with
n = [F : Q]. Let Ec = F ck, and let kτ = (F
c)σ be the real quadratic subfield of F c fixed by
σ. The following are equivalent.
(1) The Colmez conjecture (2.4) holds for all class characters νk of the real quadratic
field kτ , 1 ≤ k ≤ n−12 , whose associated Artin characters are
νk : Gal(E
c/kτ )→ C×, νk(σ) = e 2piikn , νk(ρ) = −1.
Here ρ is the complex conjugation on Ec.
(2) The Colmez conjecture (2.5) holds for all CM types ΦS of E.
(3) The Colmez conjecture (2.5) holds for all CM types ΦS with |S| = 2.
In short, the Colmez conjecture for E amounts to understanding the log derivatives of
some simple (CM) Hecke class characters of the real quadratic field kτ in terms of geometry.
This is very similar to understanding Jacobi sum characters via the Fermat curves (or vice
versa).
The paper is organized as follows. In Section 2, we set up notation about CM types,
class functions, and review Colmez conjectures (2.4) and (2.5). We also give a simple
reinterpretation of the proved Average Colmez Conjecture. In Section 3, we collect and
prove some basic facts about CM types and class functions related to the CM number field
E = Fk assuming that Gal(F c/Q) ∼= D2n. In Section 4, we do the main calculation for
A0S and Z(s, A
0
S). To make the exposition clearer, we divide it into two cases depending
on whether n is odd or even. In the last section, we prove the above theorems and also
discuss the Colmez conjectures for CM number field of low degrees.
Acknowledgment. We thank J. Fresan for sharing his idea to use the average Colmez
conjecture to derive the Colmez conjecture with one of the authors (T.H.). We thank
the anonymous referee, Ben Howard, and Solly Patenti for making the exposition more
readable and correcting numerous English errors. Part of the work was done when both
of us visited the Morningside Center of Mathematics during summer 2016. We thank the
MCM for providing us with excellent working condition and thank Ye Tian for all his help.
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2. The Colmez Conjecture
In this section, we give a brief description of the Colmez conjecture and known results
after setting up notation. We also record an observation which will be used later in this
paper and should be of independent interest. We refer to [Col93] and [Yan10b] for more
detail on the Colmez conjecture.
We fix an embedding Q¯ ⊂ C, and let QCM be the union of all CM number fields in
Q¯, and let GCM = Gal(QCM/Q). It has a unique complex conjugation ρ which is in the
center of GCM. Let H(GCM) be the Hecke algebra of GCM, i.e., the ring (without identity)
of locally constant functions f on GCM with values in C and multiplication given by the
convolution:
(2.1) f1 ∗ f2(g) =
∫
GCM
f1(h)f2(h
−1g)dh.
Here we require vol(GCM) = 1. Let H0(GCM) be the subring ofH(GCM) of locally constant
class functions f on GCM ( i.e., f(g) = f(hgh−1)). It is well-known that H0(GCM) has
a C-basis of Artin characters(characters of Gaois representations). For a class function
A =
∑
aχχ ∈ H0(GCM) expressed as the linear combination of Artin characters, we define
Z(s, A) =
∑
aχZ(s, χ), Z(s, χ) =
L′(s, χ)
L(s, χ)
+
1
2
log fArt(χ),
where fArt(χ) is the Artin conductor of χ.
LetH00(GCM) be the subalgebra ofH0(GCM) of class functions A such that A(g)+A(ρg)
is independent of g ∈ GCM. According to [Tat84, Chapter I, Section 3], H00(GCM) has a
C-basis consisting of the Artin characters χ = χρ of Artin representations of G
CM such
that L(0, χ) 6= 0. In particular, for a class function A ∈ H00(GCM), Z(0, A) is well-defined.
On the geometric side, a CM type Φ is a function on GCM with values in {0, 1} such
that Φ(g) + Φ(ρg) = 1. There is a CM number field E such that Φ(g) = 1 for all
g ∈ GCME = Gal(QCM/E). In such a case,
{σ : E →֒ Q¯ | Φ(g) = 1 for some g ∈ GCM with g|E = σ}
is a CM type of E in the classical sense, which we also denote by Φ. When we need to
distinguish the field E, we will write ΦE instead of simply Φ. One can easily associate a
CM type function Φ to a classical CM type of E in the obvious way. We will not distinguish
the two and often write it as a formal sum
Φ =
∑
σ∈Φ
σ.
We may assume that E is Galois over Q because of the above identification. Let
Φ˜ =
∑
σ∈Φ
σ−1, AΦ =
1
[E : Q]
ΦΦ˜ =
∑
agg,
and let
(2.2) A0Φ =
1
|G|
∑
g∈G
gAΦg
−1 =
∑
a0gg, a
0
g =
1
|[g]|
∑
g1∈[g]
ag1
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be the projection of AΦ onto H
0(Gal(E/Q)) ⊂ H0(GCM), where [g] is the conjugacy class
of g in Gal(E/Q). Notice that A0Φ ∈ H00(GCM). In terms of functions, one has
AΦ = Φ ∗ Φ∨, Φ∨(g) = Φ(g−1),
and the projection is given by
f 0(g) =
∫
GCM
f(hgh−1)dh
for a locally constant function f ∈ H(GCM).
On the other hand, let (A, ι) be a CM abelian variety of CM type (OE,Φ) (with OE-
action), where OE is the ring of integers of E. Then there is a number field L over which
(A, ι) is defined and has good reduction everywhere. Let A be the Neron model of A over
OL, and let ωA/OL = ∧nΩA/OL which is an invertible OL-module. Here n = 12 [E : Q]. Let
0 6= α ∈ ωA/OL , then the Faltings height of A is defined to be (the normalization here is
the same as in [Col93] but different from [Yan10b])
hFal(A) = − 1
2[L : Q]
∑
σ:L→֒C
log
∣∣∣∣
∫
σ(A)(C)
σ(α) ∧ σ(α)
∣∣∣∣+ log |ωA/OL/OLα|.
Colmez proved in [Col93] that
hFal(Φ) =
1
[E : Q]
hFal(A)
is not only independent of the choice of A but also independent of the choice of E, i.e., it
depends only on the CM type Φ as a function. It is also clear that hFal(Φ) = hFal(σΦ) for
any σ ∈ Gal(Q¯/Q).
A key result of Colmez in [Col93, Theorem 0.3] is that there is a unique linear function
on H00(GCM), called the height function h, such that
(2.3) hFal(Φ) = −h(A0Φ).
The Colmez conjecture asserts that for every class function f ∈ H00(GCM), one has
(2.4) h(f) = Z(0, f∨).
We remark that for a CM type Φ, (A0Φ)
∨ = A0Φ. In particular, one should have
(2.5) hFal(Φ) = −Z(0, A0Φ).
Colmez proved his conjecture (2.4) up to a multiple of log 2 when f is a Dirichlet character.
The log 2 part was then taken care of by Obus [Obu13]. In other words, they proved the
Colmez conjecture (2.5) when the CM field is abelian over Q. One of the authors proved
(2.5) for quartic fields under some minor condition—the first non-abelian case [Yan10a],
[Yan13]—using arithmetic intersection theory. The average version of (2.5) was recently
proved independently in [AGHMP] and [YZ]. It asserts: For a CM number field E of
degree 2n with maximal totally real subfield F , one has
(2.6)
1
2n
∑
all CM types of E
hFal(Φ) = − 1
4n
Z(0, χE/F )− 1
4
log(2π),
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where χE/F is the quadratic Hecke character of F associated to the quadratic extension
E/F . This theorem implies that the Colmez conjecture (2.4) holds for all quadratic Hecke
characters associated to all CM number fields. We state it as the following proposition.
Proposition 2.1. Let E be a CM number field with maximal totally real subfield F , and
let χE/F be the Hecke character of F associated to E/F via the class field theory. Then
the Colmez conjecture (2.4) holds for χE/F . More precisely, view χE/F as a character of
GF = Gal(Q
CM/F ) which factors through Gal(E/F ), and let fE/F be the character of the
induced representation IndG
CM
GF
χE/F . Then the Colmez conjecture (2.4) holds for fE/F :
h(fE/F ) = Z(0, fE/F ).
For simplicity, we will call the Hecke characters χE/F quadratic CM characters. The
proposition asserts then that the Conjecture (2.4) holds for all quadratic CM characters.
Proof. Direct calculation (see for example [AGHMP, (9.3.1)]) gives
1
2n
∑
all CM types of E
A0Φ =
1
4
1GCM +
1
4n
fE/F .
Notice that our A0Φ is
1
[E:Q]
a0E,Φ in their notation. Here 1G stands for the characteristic
function of G as a subset of GCM. So (2.6) and (2.3) imply that
1
4
h(1GCM) +
1
4n
h(fE/F ) =
1
4n
Z(0, fE/F ) +
1
4
log(2π).
On the other hand, since 1GCM corresponds to the trivial representation of G
CM, one has
h(1GCM) =
ζ ′(0)
ζ(0)
= log(2π).
Therefore,
h(fE/F ) = Z(0, fE/F ).

We remark that when F is Galois over Q (equivalently E is Galois over Q), one has
fE/F (g) =
{
nχE/F (g) if g|F = 1,
0 if g|F 6= 1.
That is fE/F = n(1− ρ) where n = [F : Q].
3. CM number fields of Dihedral type
Let F be a totally real number field of degree n such that its Galois closure F c (over Q)
is of Dihedral type D2n, i.e.,
Gal(F c/Q) = 〈σ, τ : σn = 1, τ 2 = 1, τστ = σ−1〉,
and that τ fixes F . In particular, {σi : i ∈ Z/n} gives all the real embeddings of F . Let k be
an imaginary quadratic field, and let E = Fk be the associated CM number field. Then the
Galois closure of E is Ec = F ck. Notice that F c is totally real and Ec is a Galois CM number
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field. Let ρ be the complex conjugation of Ec. Then ρ ∈ Gal(Ec/Q) and it commutes with
σ and τ , where we extend σ and τ to Ec by acting trivially on k. Let Gc = Gal(Ec/Q),
G = Gal(Ec/k) ∼= Gal(F c/Q), and H = Gal(Ec/(Ec)σ) ∼= Gal(F c/(F c)σ) = 〈σ〉. Then
Gc = 〈σ, τ, ρ〉 = G× 〈ρ〉.
For g = ρ, τ, ρτ , we will denote kg for the quadratic subfield of E
c such that Gal(kg/Q) =
〈g〉. So kρ = k, and kτ = (F c)σ. The following diagram is useful in tracking various
subfields of Ec used in this paper.
Ec
uu❥❥
❥❥
❥❥
❥❥
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❥❥
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❡❡❡
❡❡❡
❡❡❡
❡❡❡
❡❡❡
❡❡❡
❡❡❡

F

(Ec)σ
''
ss
yy
kρ = k
""
❊
❊
❊
❊
❊
❊
❊
❊
❊
kτ = (F
c)σ
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Lemma 3.1. For a subset S of Z/n, let
ΦS = {σiρ : i ∈ S} ∪ {σi : i /∈ S}.
Then S 7→ ΦS gives a one-to-one correspondence between the subsets of Z/n and CM types
of E.
We call a CM type Φ of signature (n − r, r) if Φ = ΦS with |S| = r. Two CM types
Φ1 and Φ2 are equivalent, denoted by Φ1 ∼= Φ2 if there is some g ∈ Gal(Ec/Q) such that
gΦ1 = Φ2. It is well-known that the Colmez conjecture depends only on the equivalence
class of a CM type.
Lemma 3.2. The following are true.
(1) One has ΦS ∼= ΦS¯, where S¯ = Z/n− S.
(2) There is only one CM type of signature (n− 1, 1) up to equivalence.
(3) Every CM type of signature (n − 2, 2) is equivalent to some Φ{0,i}, i ∈ Z/n − {0}.
Moreover, Φ{0,i} ∼= Φ{0,j} if and only if i = ±j. In particular, there are [n2 ] (the
integral part of n
2
) equivalence classes of CM types of signature (n− 2, 2).
(4) For q ≥ 3, every CM type of signature (p, q) is equivalent to some Φ{0,S} where S
is a subset of Z/n− {0} of order q − 1. Moreover, Φ{0,S1} ∼= Φ{0,S2} if and only if
at least one of the following conditions hold:
(a) There is some i ∈ S1 such that {−i, S1− i} = {0, S2}. Here S− i = {j− i :
j ∈ S}, and {0, S} = {0} ∪ S.
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(b) S1 = −S2.
Proof. Claim (1) is clear as ρΦS = ΦS¯. Claim (2) is also clear as σ
iΦ{0} = Φ{i}. For (3),
the same argument shows that every ΦS with |S| = 2 is equivalent to some Φ{0,i} via some
σj . Since Gc = 〈σ, τ, ρ〉, Φ{0,i} ∼= Φ{0,j} if and only if there is some g = σkτ l (assuming
n 6= 4) such that {g, gσi} = {0, σj}. This implies i = ±j (mod n). The same argument
also gives (4) and we leave the details to the reader.

Recall that for a CM type Φ, the reflex field EΦ of E is the subfield of C (also Ec)
generated by
trΦ(z) =
∑
g∈Φ
g(z), z ∈ E.
The following proposition should be of independent interest although it will not be used
in this paper.
Proposition 3.3. Let Φ = Φ{0,i} be a CM type of E.
(1) If n > 4 and i 6= n/2, EΦ = (Ec)σiτ , the fixed field of Ec under σiτ .
(2) If n > 4 is even and i = n/2, then EΦ = (Ec)〈σ
i,τ〉.
(3) For n = 4, the reflex field of Φ{0,1} is (Ec)〈στ,σ
2ρ〉, and the reflex field of Φ{0,2} is
(Ec)〈σ
2,τ〉.
Proof. Let Φc be the extension of Φ0,i to E
c. Then the reflex field of Φ is the same as that
of Φc. It is easy to check
trΦc(z) = trEc/k(z) + (1 + σ
i)(1 + τ)(ρ− 1)(z).
In particular, for z ∈ k, trΦc(z) = 2nz + 4(z¯ − z). This implies that k ⊂ EΦ when
n 6= 4. Assuming k ⊂ EΦ. Then it is clear from the above identity that an element
g ∈ Gal(Ec/k) = Gal(F c/Q) fixes EΦ = (Ec)Φc if and only if
g(1 + σi)(1 + τ)(ρ− 1) = (1 + σi)(1 + τ)(ρ− 1).
Now we check it case by case. Recall that Gal(F c/Q) = {σj, σjτ : 0 ≤ j ≤ n− 1}. Taking
z = xδ with x ∈ F c and δ ∈ k with ρ(δ) = −δ, the above identity becomes over F c
(3.1) g(1 + σi)(1 + τ) = (1 + σi)(1 + τ).
When g = σj , (3.1) becomes (restricting on F is enough)
σj + σi+j = 1 + σi,
which is possible only when n is even and i = j = n
2
(mod n). When g = σjτ , (3.1)
becomes
σj + σj−i = 1 + σi,
which is the same as j = i (any case) or i = n
2
, j = 0 and n is even. This verifies the
proposition except the case n = 4.
Now assume that n = 4. Write z = x+ yδ ∈ E with x, y ∈ F , one sees that
trΦ(z) = trF/Q(x) + trF/Q(y)δ − 2(y + σi(y))δ.
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So the reflex field EΦ is generated by
α(y) = trF/Q(y)δ − 2(y + σi(y))δ, y ∈ F.
When i = 2, it is easy to see EΦ ⊂ (Ec)〈σ2,τ〉. If the inclusion is proper, EΦ has to be fixed
by at least one of ρ, σ and τρ. One verifies that none of these elements fix EΦ.
When i = 1, one checks that EΦ ⊂ (Ec)〈σ2ρ,στ〉. If the inclusion is proper, EΦ has to be
fixed by at least one of ρ, σ2 and τρ. One verifies that none of these elements fix EΦ.

3.1. Artin representations and class functions. Let ζn = e(1/n) = e
2pii
n . For j ∈ Z/n,
we define
µj :H → C×, µj(σ) = ζjn, πj = IndGH µj.
When j = 0, π0 ∼= χ0⊕χs decomposes into the direct sum of two characters of G, factoring
through 〈τ〉. When 0 < j < n/2 , πj is an irreducible 2-dimensional representation of G
with character χj = χπj . We extend µj trivially to H
c = H × 〈ρ〉, πcj = IndG
c
Hc µ
c
j, and
χcj = χπcj . When n = 2m is even, πm decomposes into one dimensional representations
(characters): π ∼= χm,0 ⊕ χm,1. Here (i = 0, 1)
χm,i(σ) = −1, χm,i(τ) = (−1)i.
Let ψ1 and ψρ be the trivial and non-trivial characters of Gal(k/Q), which can also be
viewed as characters of Gc and even GCM. Given a function f1 on G and a function f2 on
Gal(k/Q), we denote f1f2 for the class function on G
c = G× 〈ρ〉 in the obvious way:
(f1f2)(g1g2) = f1(g1)f2(g2), g1 ∈ G, g2 ∈ 〈ρ〉.
We shorten f1 = f111, where 11(g2) = 1 or 0 depending on whether g2 = 1 or ρ. We also
use similar convention for a function f2 on 〈ρ〉.
The following lemma is well-known and can be checked easily.
Lemma 3.4. Let m = [n
2
] be the integer part of n
2
. Then
(1) When n is odd, {χ0, χs, χj , 0 < j ≤ m} gives the complete set of irreducible char-
acters of G = D2n.
(2) When n is even, {χ0, χs, χj, 0 < j ≤ m − 1, χm,0, χm,1} gives the complete set of
irreducible characters of G = D2n.
(3) The complete set of irreducible characters of Gc = G× 〈ρ〉 is the union of Cψ1 and
Cψρ, where C is the complete set of irreducible characters of G = D2n.
Lemma 3.5. As class functions of Gc (also of GCM), one has
(1)
2χ0 = 2 trEc/k = χIndGcG χ0,
2χs = χIndGcG χs,
2χj = χIndGcH µj , 1 ≤ j ≤ m,
2χm,i = χIndGcG χm,i , when n is even.
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(2) One has
(1− ρ)χ0 = (1− ρ) trEc/k = χk/Q,
(1− ρ)χs = χkρτ/Q,
(1− ρ)χj = χIndGcHc µcjψρ , 1 ≤ j ≤ m,
(1− ρ)χm,i = χm,iψρ, when n is even.
Here χm,iψρ is viewed as a character of G
c in the obvious way.
Proof. All follow from a standard calculation. We leave it to the reader.

On the other hand, when n = 2m+ 1 is odd, G has m+ 2 conjugacy classes
(3.2) O0 = {1}, Oj = {σj, σ−j : 1 ≤ j ≤ m} and Om+1 = {σjτ : j ∈ Z/n}
which we also write as formal sums sometimes. We denote 1Oj for their characteristic
functions. When n = 2m is even, G has m+ 3 conjugacy classes O0, Oj , 1 ≤ j ≤ m− 1 as
above, Om = {σm}, and
Om+1,i = {σi+2jτ : 0 ≤ j ≤ m− 1}, i = 0, 1.
In this case, we denote 1m+1 = 1Om+1,0 + 1Om+1,1 .
Lemma 3.6. One has
2n(1− ρ)1O0 = χIndGcGal(Ec/Fc) χEc/Fc ,
fE/F =
{
(1− ρ)(n1O0 + 1Om+1) if n is odd,
(1− ρ)(n1O0 + 21Om+1,0) if n is even
where fE/F is the character of Ind
Gc
Gal(Ec/F ) χE/F defined in Proposition 2.1.
Proof. We verify the second identity and leave the first one to the reader. Let f be the
function defined in the right hand side. Notice that π = IndG
c
Gal(Ec/F ) χE/F has a standard
basis fj where fj(σ
i) = δi,j . One checks for a = 0, 1 and b ∈ Z/n
π(ρaσb)fj(σ
i) = fj(ρ
aσi+b) = (−1)aδj,i+b = (−1)afj−b(σi),
and so χπ(ρ
aσb) = (−1)anδ0,b = f(ρaσb). Next,
π(ρaσbτ)fj(σ
i) = fj(ρ
aσi+bτ) = (−1)afj(τσ−i−b) = (−1)aδj,−i−b.
So
π(ρaσbτ)fj = (−1)af−j−b,
and
χπ(ρ
aσbτ) = (−1)a|{j ∈ Z/n} : 2j = −b}| = f(ρaσbτ).

Corollary 3.7. When n is odd, one has
L(s, χE/F )
2L(s, χkρτ/Q) = L(s, E
c/F c)L(s, χk/Q).
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Proof. One checks (see Proposition 4.1):
1Om+1 =
1
2
(χ0 − χs).
So Lemma 3.6 implies (recall that we shorten 1− ρ = (1− ρ)1O0)
2fE/F = 2n(1− ρ)1O0 + (1− ρ)χ0 − (1− ρ)χs.
Therefore one has by Lemma 3.5
L(s, χE/F )
2 = L(s, χEc/F c)
L(s, χk/Q)
L(s, χkρτ/Q)
.

4. Class functions associated to CM types
In this section, we will compute the class function A0S = A
0
ΦS
associated to the CM types
ΦS of E, and the log derivatives Z(s, A
0
S) of the associated L-functions. Due to the slight
difference between the odd and even cases, we do it separately to make exposition clearer.
4.1. The general decomposition in the odd case. In this subsection, we assume that
n = 2m+ 1 is odd. Recall that Gc = G× 〈ρ〉 with G = Gal(Ec/k) = 〈σ, τ〉 ∼= D2n. In this
case, G = D2n has m + 2 conjugacy classes given by (3.2). The Hecke algebra H
0(G) of
class functions on G has an inner product
〈f, h〉 = 1|D2n|
∑
g∈D2n
f(g)h(g).
It has two canonical orthogonal bases, one given by characters of irreducible representations
of G, and the other given by the characteristic functions of conjugacy classes:
fO0 =
√
2n1O0,
fOk =
√
n1Ok , (1 ≤ k ≤ m),(4.1)
fOm+1 =
√
21Om+1.
The characters of irreducible representations of G are given in Table 1. Let A be the
Table 1. character table of D2n—the odd case
O0 · · · Ok · · · Om+1
χ0 1 · · · 1 · · · 1
χ1 2 · · · 2 cos 2πkn · · · 0
...
... · · · ... · · · ...
χj 2 · · · 2 cos 2πjkn · · · 0
...
... · · · ... · · · ...
χm 2 · · · 2 cos 2πmkn · · · 0
χs 1 · · · 1 · · · -1
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matrix in the Table 1, χ be the column vector (χ0, · · · , χj, · · · , χs)T , and f be the column
vector (fO0 , · · · , fOm+1)T . Then χ = ABf , where B is the diagonal matrix with diagonal
elements ( 1√
2n
, 1√
n
, · · · , 1√
n
, 1√
2
). Then AB is an orthogonal matrix. So, f = BATχ. Then
O = B′ATχ, where O is the column vector (1O0, · · · ,1Om+1)T and B′ is the diagonal matrix
with diagonal elements ( 1
2n
, 1
n
, · · · , 1
n
, 1
2
). So we have proved the following proposition (note
χj = χn−j)
Proposition 4.1. Let the notation be as above. As class functions of G ∼= D2n, we have
the following relations.
1O0 =
1
2n
[
n−1∑
j=0
χj + χs
]
,
1Ok =
1
n
[
n−1∑
j=0
ζjkn χj + χs
]
, 1 ≤ k ≤ m,
1Om+1 =
1
2
[χ0 − χs].
Proposition 4.2. Let the notation and assumptions be as above, and let r = |S|. Then
A0S =
1
2
trEc/k−
r
n
(1− ρ) trEc/k+
r
n
(1− ρ)(1O0 +
1
n
1Om+1)
+
1
n
(1− ρ)
∑
1≤j≤m
aj(S)1Oj +
r(r − 1)
n2
(1− ρ)1Om+1.
Here
aj(S) = |{(i, k) ∈ S2 : i− k ≡ j (mod n)}|.
Proof. Let ΦcS be the extension of ΦS to E
c. By definition, tt is easy to check that
ΦcS = trEc/k+(ρ− 1)(
∑
i∈S
σi)(1 + τ)
and
Φ˜cS = trEc/k+(ρ− 1)(1 + τ)(
∑
i∈S
σ−i).
Let
a = (
∑
i∈S
σi)(1 + τ) + (1 + τ)(
∑
i∈S
σ−i)
and
b = (
∑
i∈S
σi)(1 + τ)(
∑
i∈S
σ−i)
= |S|1O0 +
∑
1≤j≤m
aj(S)1Oj + (
∑
i∈S
σi)2τ.
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Since
(trEc/k)σ = (trEc/k)τ = trEc/k =
∑
σj +
∑
σjτ,
one has
AΦcS =
1
[Ec : Q]
ΦcSΦ˜
c
S
=
1
2
trEc/k+
1
4n
(ρ− 1) trEc/k a+
1
n
(1− ρ)b
=
1
2
trEc/k+
r
n
(ρ− 1) trEc/k+
1
n
(1− ρ)b.
Direct calculations give
b0 = |S|1O0 +
∑
1≤j≤m
aj(S)1Oj +
r2
n
1Om+1 .
Since 1− ρ is a class function, one has ((1− ρ)b)0 = (1− ρ)b0. So
(4.2) A0S =
1
2
trEc/k+
r
n
(ρ− 1) trEc/k+
1
n
(1− ρ)b0.
The proposition is now clear. 
Now we have the main formula in the odd case for the L-function part of the Colmez
conjecture.
Theorem 4.3. Assume that n = [F : Q] = 2m+ 1 is odd. Then for any subset S of Z/n
of order r, one has
Z(s, A0S)
=
r
n2
Z(s, χE/F ) +
1
4
Z(s, ζk)−
r(n− r + 1)
n2
Z(s, χk/Q)
+
1
n2
∑
1≤j≤m
1≤k≤n−1
aj(S)ζ
kj
n Z(s, µ
c
kψρ).
Proof. By Propositions 4.1, 4.2, and Lemmas 3.5, 3.6, one has
Z(s, A0S) =
1
4
Z(s, ζk)−
r
n
Z(s, χk/Q) +
r
n2
Z(s, χE/F )
+
1
n2
∑
1≤j≤m
aj(S)
[
Z(s, χk/Q) +
n−1∑
k=1
ζkjn Z(s, µ
c
kψρ) + Z(s, χkρτ/Q)
]
+
r(r − 1)
2n2
[
Z(s, χk/Q)− Z(s, χkρτ/Q)
]
.
It is easy to see that ∑
1≤j≤m
aj(S) =
r(r − 1)
2
.
Now the theorem follows from simple calculation.
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
4.2. The even case. In this subsection, we assume that n = 2m is even. In this case,
G has m + 3 conjugacy classes given by O0 = {1}, Ok = {σk, σ−k} (1 ≤ k ≤ m − 1),
Om = {σm}, and Om+1,i = {σi+2jτ : 0 ≤ j ≤ m− 1}, i = 0, 1. The irreducible characters
of G are given by χ0, χs, χm,0, χm,1 and χj, 1 ≤ j ≤ m − 1 as described in Section 3. For
convenience, we let Om+1 = Om+1,0 ∪ Om+1,1 and χm = χm,0 + χm,1. The character table
of irreducible representations of G is given as Table 2.
Table 2. character table of D2n—even case
O0 · · · Ok, 1 ≤ k ≤ m− 1 · · · Om+1,0 Om+1,1
χ0 1 · · · 1 · · · 1 1
χ1 2 · · · 2 cos 2πkn · · · 0 0
...
... · · · ... · · · ... ...
χj 2 · · · 2 cos 2πjkn · · · 0 0
...
... · · · ... · · · ... ...
χm−1 2 · · · 2 cos 2π(m−1)kn · · · 0 0
χm,0 1 · · · (−1)k · · · 1 -1
χm,1 1 · · · (−1)k · · · -1 1
χs 1 · · · 1 · · · -1 -1
The same argument as in the odd case gives the following proposition.
Proposition 4.4. We have the following relations among class functions on G = D2n.
1Ok =
δk
n
[
n−1∑
j=0
ζjkn χj + χs
]
,
1Om+1,0 =
1
4
[χ0 + χm,0 − χm,1 − χs] ,
1Om+1,1 =
1
4
[χ0 − χm,0 + χm,1 − χs] .
Here
δk =
{
1 if 1 ≤ k ≤ m− 1,
1
2
if k = 0, m.
Proposition 4.5. Let the notation and assumptions be as above, and let r = |S|. Then
A0S =
1
2
trEc/k−
r
n
(1− ρ) trEc/k+
r
n
(1− ρ)1O0
+
r
n
(1− ρ)(
∑
1≤j≤m−1
aj(S)1Oj + 2am(S)1Om) +
2
n2
1∑
i=0
bi(S)(1− ρ)1Om+1,i .
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Here for 1 ≤ j ≤ m = n
2
aj(S) =
{
|{(i, k) ∈ S2 : i− k ≡ j (mod n)}| if j 6= m,
1
2
|{(i, k) ∈ S2 : i− k ≡ j (mod n)}| if j = m,
and for i = 0, 1
bi(S) = |{(j, k) ∈ S2 : j + k ≡ i (mod 2)}|.
Proof. The same argument as in the odd case gives
AS =
1
2
trEc/k−
r
n
(1− ρ) trEc/k+
r
n
(1− ρ)1O0
+
r
n
(1− ρ)(
∑
1≤j≤m−1
aj(S)1Oj + 2am(S)1Om) +
1
n
(1− ρ)(
∑
i∈S
σi)2τ.
Notice that every term in the right han side is a class function except c = (
∑
i∈S σ
i)2τ .
Direct calculation gives
c0 =
1∑
i=0
2bi(S)
n
1Om+1,i .
Now simple calculation proves the proposition. 
Theorem 4.6. Assume n = 2m is even and |S| = r. Then
Z(s, A0S)
=
r
n2
Z(s, χEc/F c) +
1
4
Z(s, ζk)−
r(2n− 2r + 1)
2n2
Z(s, χk/Q)
+
1
n2
∑
1≤j≤m
1≤k<m
aj(S)(ζ
kj
n + ζ
−kj
n )Z(s, µ
c
kψρ) +
b0(S)− b1(S)
n2
Z(s, χm,0ψρ).
Proof. By Propositions 4.4, 4.5, and Lemmas 3.5, 3.6, one has
Z(s, A0S)−
1
4
Z(s, ζk) +
r
n
Z(s, χk/Q)−
r
n2
Z(s, χEc/F c)
=
1
n2
∑
1≤j≤m
aj(S)
[
Z(s, χk/Q) + Z(s, χkρτ/Q) + (−1)j(Z(s, χm,0ψρ) + Z(s, χm,1ψρ))
]
+
1
n2
∑
1≤j≤m
aj(S)
∑
1≤k≤n−1
k 6=m
ζkjn Z(s, µ
c
kψρ)
+
2
4n2
1∑
i=0
bi(S)
[
Z(s, χk/Q)− Z(s, χkρτ/Q) + (−1)i(Z(s, χm,0ψρ)− Z(s, χm,1ψρ))
]
.
It is easy to see that the last sum is equal to
r2
2n2
(Z(s, χk/Q)− Z(s, χkρτ/Q)) +
b0(S)− b1(S)
2n2
(Z(s, χm,0ψρ)− Z(s, χm,1ψρ)).
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On the other hand, notice that ∑
1≤j≤m
aj(S) =
r(r − 1)
2
,
∑
1≤j≤m
(−1)jaj(S) = b0(S)− b1(S)
2
.
Putting this all together proves the theorem.

5. Proof of the main results
5.1. The Dihedral case. In this subsection, we prove Theorem 1.2 which we restate it
here for convenience.
Theorem 5.1. Let F be a totally real number field of degree n such that its Galois closure
F c is of D2n type over Q. Let k be an imaginary quadratic field, and let E = Fk. For each
subset S of Z/n of order r, let ΦS be the associated CM type of E of signature (n− r, r).
Then the following are equivalent.
(1) The Colmez conjecture (2.4) holds for all class characters µckψρ of the real quadratic
field kτ = (F
c)σ, 1 ≤ k < n
2
.
(2) The Colmez conjecture (2.5) holds for all CM types ΦS of E.
(3) The Colmez conjecture (2.5) holds for all CM types Φ{0,i} with 1 ≤ i < n2 .
Proof. In the even case, χm,0ψρ is a quadratic Dirichlet character associated to the imagi-
nary quadratic subfield ofEc fixed by σ2, τ , and ρσ. Notice also that ζk(s) = ζ(s)L(s, χk/Q).
Assume that (1) is true. All the other characters in Theorems 4.3 and 4.6 are qua-
dratic CM characters or the trivial character, for which the Colmez conjecture holds by
Proposition 2.1. So we have by Theorems 4.3 and 4.6 that
hFal(ΦS) = −h(A0S) = −Z(0, A0S).
The Colmez conjecture (2.5) holds for all CM types ΦS of E.
Claim (2) obviously implies (3).
Assume that (3) holds. The same argument as above shows that for every subset S of
Z/n of order 2 (recall that Z(s, µckψρ) = Z(s, µ
c
−kψρ)), one has
(5.1)
∑
1≤k<n
2
∑
1≤j≤m
aj(S)(ζ
jk
n + ζ
−jk
n )xk = 0.
Here
xk = h(A(µ
c
kψρ))− Z(0, µckψρ),
and A(µckψρ) is the associated class function, i.e., the character of the induced representa-
tion IndG
c
Hc µ
c
kψρ. For Si = {0, i} with 1 ≤ i < n2 , one has aj(Si) = δi,j . Applying this to
(5.1), we obtain ∑
1≤k<n
2
(ζ ikn + ζ
−ik
n )xk = 0
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for 1 ≤ i < n
2
. Solving this system of equations, one sees xk = 0, i.e., (1) holds. 
We believe that (3) can be replaced by the following statement: for a given 2 ≤ r ≤ m
with (r − 1, n) = 1, the Colmez conjecture (2.5) holds for all CM types ΦS with |S| = r.
5.2. The general unitary case. In this subsection, we assume that F is a totally real
number field of degree n and k is an imaginary quadratic field (viewed as a subfield of
C). Let E = Fk be as in the beginning of the introduction. The following theorem is a
refinement of Theorem 1.1.
Theorem 5.2. (1) When |S| = 0, 1, n− 1, or n, the Colmez conjecture (2.5) holds for
ΦS. In other words, the Colmez conjecture holds for CM types of E of signature (n− 1, 1)
and (1, n− 1), and
hFal(ΦS) = −1
4
Z(0, ζk) +
1
n
Z(0, χk/Q)−
1
n2
Z(0, χE/F ).
(2) For any 1 < r < n − 1, the Colmez conjecture holds for the average of all CM
types of E of signature (n− r, r). That is,∑
|S|=r
hFal(ΦS) = −
∑
|S|=r
Z(0, A0S)
= −1
4
(
n
r
)
Z(0, ζk) +
(
n− 2
r − 1
)
Z(0, χk/Q)
− 1
n
(
n− 2
r − 1
)
Z(0, χE/F ).
Proof. Let F c be the Galois closure of F over Q and Ec = F ck. Let Gc = Gal(Ec/Q),
G = Gal(Ec/k), Hc = Gal(Ec/F ), and H = Gal(Ec/E). Then Gc = G × 〈ρ〉 and
Hc = H×〈ρ〉 with ρ being the complex conjugation of Ec (also E and k). For convenience,
we identify Z/n with Tn = {1, · · · , n} in the proof. If we take coset representatives {σj},
then
G =
n⋃
j=1
Hσj =
n⋃
j=1
σjH,
and {σj |E : 1 ≤ j ≤ n} gives the n distinct complex embeddings of E whose restrictions
on k is the identity map. Then for a subset S of Tn,
ΦS = trE/k+(ρ− 1)
∑
j∈S
σj
and its extension to Ec is
ΦcS = trEc/k+(ρ− 1)
∑
j∈S,h∈H
σjh.
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So
[Ec : Q]AS = A
c
SA˜
c
S
= (trEc/k)
2 + (ρ− 1) trEc/k
∑
j∈S,h∈H
σjh + (ρ− 1)
∑
j∈S,h∈H
σjh trEc/k
+ (ρ− 1)
∑
j∈S,h∈H
σjh
∑
j∈S,h∈H
h−1σ−1j (ρ− 1)
= [Ec : k] trEc/k−2|S||H|(1− ρ) trEc/k+2|H|(1− ρ)
∑
h∈H
∑
(i,j)∈S2
σihσ
−1
j .
So, for |S| = r,
(5.2) AS =
1
2
trEc/k−
r
n
(1− ρ) trEc/k+
1
n
(1− ρ)
∑
h∈H
∑
(i,j)∈S2
σihσ
−1
j .
Let tr =
(
n
r
)
. Then, for r ≥ 2,
∑
|S|=r
As − tr
2
trEc/k+
rtr
n
(1− ρ) trEc/k
=
1
n
(1− ρ)
∑
h∈H
∑
(i,j)∈Tn
∑
|S|=r,(i,j)∈S2
σihσ
−1
j
=
1
n
(
n− 2
r − 2
)
(1− ρ)
∑
h∈H
∑
(i,j)∈Tn,i 6=j
σihσ
−1
j +
1
n
(
n− 1
r − 1
)
(1− ρ)
∑
h∈H
∑
i∈Tn
σihσ
−1
i
=
(
n− 2
r − 2
)
(1− ρ) trEc/k+
1
n
[(
n− 1
r − 1
)
−
(
n− 2
r − 2
)]
(1− ρ)
∑
h∈H
∑
i∈Tn
σihσ
−1
i
=
(
n− 2
r − 2
)
(1− ρ) trEc/k+
1
n
(
n− 2
r − 1
)
(1− ρ)
∑
h∈H
∑
i∈Tn
σihσ
−1
i ,
which is already a class function. Here we use the simple fact∑
h∈H
∑
(i,j)∈Tn
σihσ
−1
j = n
∑
h∈H
∑
k∈Tn
σkh = n trEc/k .
So ∑
|S|=r
A0S =
∑
|S|=r
AS =
1
2
(
n
r
)
trEc/k−
(
n− 2
r − 1
)
(1− ρ) trEc/k
+
1
n
(
n− 2
r − 1
)
(1− ρ)
∑
h∈H
∑
i∈Tn
σihσ
−1
i .
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Now we check that
(5.3) (1− ρ)
∑
h∈H
∑
i∈Tn
σihσ
−1
i = χIndGcHc χE/F = fE/F
is the class function defined in Proposition 2.1. Let f be the class function on the left hand
side and π = IndG
c
Hc χE/F . Then
f(g) =
∑
h∈H
∑
i∈Tn
δσihσ−1i ,g −
∑
h∈H
∑
i∈Tn
δσihσ−1i ,ρg.
Here δa,b is the Kronecker delta function. On the other hand, π has a standard basis {uσj},
where
uσj(σi) = δi,j.
Given g ∈ G = Gal(Ec/k), g gives a transformation j 7→ g(j) on Tn via
σjg = hσg(j) for some h ∈ H.
Simple calculation shows
π(g)uσi = uσj if g(j) = i.
So
χπ(g) = |{i ∈ Tn : σigσ−1i ∈ H}| = 2|{(i, h) ∈ Tn ×H : g = σihσ−1i }| = f(g).
On the other hand,
χπ(ρg) = χE/F (ρ)χπ(g) = −f(g) = f(ρg).
In summary, we have verified (5.3). One has by Proposition 2.1,∑
|S|=r
hFal(ΦS) = −
∑
|S|=r
h(A0S) = −
∑
|S|=r
Z(0, A0S).
This proves (2) for r ≥ 2.
For r = 1, the same calculations (easier) give∑
|S|=1
A0S =
n
2
trEc/k−(1− ρ) trEc/k+
1
n
fE/F .
Notice that all CM types of E of signature (n−1, 1) are equivalent. So for |S| = 1 one has
hFal(ΦS) = −Z(0,Φ0S) = −
1
4
Z(0, ζk) +
1
n
Z(0, χk/Q)−
1
n2
Z(0, χE/F ).
As a CM type of E of signature (n−r, r) is equivalent to a CM type of signature (r, n−r),
the case |S| = n− 1 is also true.
Then case r = 0 (also r = n) is a restatement of the well-known Chowla-Selberg formula.
Indeed, ΦS = trE/k is in this case the extension of the CM type {1} of k to E. So
hFal(ΦS) = hFal(Φk,{1}) =
1
2
hFal(A) = −1
4
Z(0, ζk)
by the Chowla-Selberg formula ([KRY99, (0.15)]), where Φk,{1} is the CM type {1} of k,
and A is a CM elliptic curve with CM by Ok. 
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Corollary 5.3. Let F c be the Galois closure of F over Q and assume that Gal(F c/Q) ∼= Sn
or An is the symmetric group or the alternating group of order n with n = [F : Q]. Then the
Colmez conjecture holds for every CM type of E = Fk, where k is an imaginary quadratic
field.
Proof. Let Φ = ΦS be a CM type of E with |S| = r as above. By Theorem 5.2, we may
assume 2 ≤ r ≤ n/2. In this case, notice that Sn and An act transitively on the subsets S
of order r of Tn = {1, · · · , n}. So Gal(F c/Q) acts on the CM types ΦS of E of signature
(n − r, r) transitively. Theorem 5.2 implies that the Colmez conjecture holds for each of
them.

5.3. CM number fields of small degree. It is well-known and easy to check that the
Colmez conjecture only depends on the Galois orbit of a CM type. Fresan observed that
the average Colmez conjecture and the Colmez conjecture for abelian CM number fields
(both are theorems now) imply that every quartic CM number field satisfies the Colmez
conjecture. He and one of the authors (T.Y.) showed using the same idea in a private note
that every sextic CM number field satisfies the Colmez conjecture with the help of Dodson’s
classification of sextic CM number fields and their CM types ([Dod84]). We consider the
case n = 5 here. Let E be a CM number field with maximal totally real number field
F . Let Ec be the Galois closure of E, and let F c be the Galois closure of F . Then Ec
is a CM number field and F c is a totally real subfield (which may be not maximal). Let
G = Gal(Ec/Q) as above and let G0 = Gal(F
c/Q) as in [Dod84] (this notation is a little
different from the rest of this paper). Assume that F = Q(α), and let α1 = α, α2, · · ·αn
be the Galois conjugates of α. Then the action of G0 on these roots gives an embedding
of G0 into Sn. The following is a special case of [Dod84, 5.1.3].
Proposition 5.4. Let the notation be as above and assume n = [F : Q] = 5. Then the
possible Galois groups G are:
(1) G = G0 × 〈ρ〉 with G0 ∼= Z/5, D10,Z/5⋊ Z/4, A5 or S5. Here
Z/5⋊ Z/4 ∼= 〈(12345), (2354)〉 ⊂ S5.
(2) G = (Z/2)5⋊G0. Here G0 is again one of the five choices listed in (1), and it acts
on (Z/2)5 by permutation of the coordinates. In this case, all CM types of E are
equivalent.
Theorem 5.5. The Colmez conjecture (2.5) holds for all CM number fields of degree 10
with the following possible exception: E = Fk where F is a totally real number field of degree
5 whose Galois closure F c is of type D10 over Q and k is an imaginary quadratic field. In
such a case, the Colmez conjecture (2.5) holds for ΦS with |S| = 0, 1, 4, 5. Moreover, every
ΦS with |S| = 2, 3 is equivalent to Φ{1,2} or Φ{1,3}. Finally, the Colmez conjecture (2.4)
holds for A0{1,2} + A
0
{1,3} in this case.
Proof. It is a simple case by case verification using Proposition 5.4. In case (2), the average
Colmez conjecture proved in [AGHMP] and [YZ] implies the Colmez conjecture as all the
CM types of E are equivalent. In case (1), there is an imaginary quadratic subfield k of
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Ec such that Gal(Ec/k) ∼= Gal(F c/Q), and E = Fk. So every CM type of E has the form
ΦS with S ⊂ T5 = {1, 2, 3, 4, 5}. The Colmez conjecture holds for ΦS for |S| = 0, 1, 3, 4 by
Theorem 5.2.
Now we assume that |S| = 2. The abelian case G0 = Z/5 is known due to Colmez
and Obus. In all other cases, ΦS is clearly equivalent to some Φ{1,i}, i = 2, 3. In cases
G0 = A5, S5 or Z/5 ⋊ Z/4, there is τ ∈ G0 such that τ(1) = 1 and τ(2) = 3, and so
τΦ{1,2} = Φ{1,3}. So all ΦS with |S| = 2 are equivalent, and Theorem 5.2 implies the
Colmez conjecture for all ΦS with |S| = 2. The same is true for |S| = 3 as ΦS is equivalent
to ΦS¯. We are left with G = G0 × 〈ρ〉, G0 = D10. Theorem 5.1 takes care of this case. 
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